An accurate evaluation of coal rock fracture conductivity is an important prerequisite for predicting the productivity of CBM wells. Coal rock is soft and fragile, with low elastic modulus and high Poisson ratio. In the process of fracturing flowback, the contact deformation between proppant and fracture wall will affect the fracture conductivity when the proppant is embedded in the coal rock; thus the calculation method of plate fracture conductivity is no longer suitable for the evaluation of coal rock. Based on the contact deformation theory of elastic mechanics, a method for calculating contact deformation of proppant in fracture is proposed. Considering the effect of the deformation and embedded depth of proppant and the tortuosity of pore flow channel between proppant particles on fracture conductivity, a model for calculating fracture conductivity of coal rock fractures under three kinds of proppant arrangement (Model 4-1, Model 3-1, and Model 2-1) is established. Comparison of calculation results of theoretical model and experiments confirmed that the arrangement of proppant in coal rock fracture is closest to Model 3-1, and the influence of mechanical parameters of coal rock and proppant on fracture conductivity is calculated and analyzed by this theoretical model. The study shows that the coal rock fracture conductivity is affected little by Poisson's ratio of coal rock and proppant, which is greatly influenced by the elastic modulus of them, and the effect of particle size of proppant is especially significant.
Introduction
Hydraulic fracturing is the primary means of stimulating CBM wells and has been widely used in exploration of coalbed methane [1] [2] [3] [4] [5] [6] [7] [8] [9] . The fractures produced by hydraulic fracturing can communicate with natural fractures in the coal seam [10] [11] [12] , enhance the connectivity between natural fractures, greatly improve the permeability of coal reservoir [9] , and have a very significant effect of increasing production [13, 14] . To study fracture conductivity, the evaluation begins with the prediction of the fracture productivity after conventional fracturing of sandstone and other conventional reservoirs [15] [16] [17] . Much [18] , Penny [19] , and McDaniel [20, 21] have studied the influence of time and temperature on the longterm conductivity of cracks in medium and hard sandstone formations under certain closed stress conditions. Pope [22] and Gong [23] discussed the effect of the fracturing fluid viscosity on the ability to support fractures, and they established a prediction method of fracture permeability. On the basis of mass balance and the pressure-matching method, Rahim [24] and Gu [25] theoretically analyzed the relationship between fracture conductivity and formation permeability on the one hand and fracture length and production time on the other hand. After coal seam fracturing, it is more likely to have the complicated conditions such as proppant embedded, fractures wall compaction, and coal dust clogging [26] [27] [28] .
2 Geofluids Therefore, the research on fracture conductivity in coal seams cannot follow the methods of conventional oil and gas reservoirs.
Researchers have carried out relevant experimental research on fracture conductivity of coal rock, in terms of proppant embedment, crushing and wall compaction, and the damage of fracture fluid residue to fracture conductivity. Gao [29] carried out a long-term diversion experiment of coal rock and tested the conductivity under the condition of closure pressure and proppant embedment. Liu [30] and Zhang [31] simulated the experiments of fracture conductivity when the proppant was embedded in different coal rock. They proved that the fracture conductivity has a strong sensitivity to stress, and the more severe the proppant is embedded in the coal rock, the greater the damage degree of the fracture conductivity of coal rock fracture is. Wang [32] and Zhang [33] , respectively, tested the effects of sand concentration, proppant size, proppant type, fracturing fluid residue, and the breakage and embedment of proppant particles on the fracture conductivity. The results show that the reduction of conductivity caused by the embedment is more serious than that of fracturing fluid residue. Zhang [34] considered proppant embedment and natural fracture and other factors, tested the coal rock fracture conductivity under the condition of low sand concentration, and found that single layer sanding can support coal rock fractures under lower closed pressure and obtain ideal fracture conductivity. Zheng [35] and Dong [36] considered the influence of natural fractures and the properties of coal rock on fracture conductivity and carried out experiments on fracture conductivity of coalbed methane wells. It is proved that natural fractures and cleats in the coal plate have a significant influence on fracture conductivity, and it is beneficial to improve fracture conductivity. Shen [37] conducted a thorough study on the variation of fracture conductivity under high closure pressure. They studied the influence of proppant size and breakage rate on the fracture conductivity, but did not consider the influence of proppant embedment. Obviously, the study on the flow conductivity of coal rock fractures is mostly based on experimental analysis, and there is no more perfect theoretical model to evaluate the conductivity of coal rock fractures accurately. This paper has important theoretical and practical value to establish the corresponding theoretical model.
Calculation Model of Fracture Width

Calculation of Deformation and Embedment Depth of
Proppants. The schematic diagram of proppant 1 and proppant 2 under closure pressure is shown in Figure 1 . According to the literature [38] we can see that the two proppant particles contact area is circular, assuming the radius of the circle is a, then
(1)
where is the radius of the contact area of the two proppants, mm; P is the external force acting on the two proppants, N;
1 is the radius of proppant 1, mm;
2 is the radius of proppant 2, mm; 1 is the Poisson ratio of proppant 1, dimensionless; 2 is the Poisson ratio of proppant 2, dimensionless; 1 is the elastic modulus of proppant 1, MPa; 2 is the elastic modulus of proppant 2, MPa.
The theoretical relationship between the two proppants is verified by the following relationship [39] :
When 2 approaches infinity, proppant 2 can be approximated as the wall of coal rock fractures, as shown in Figure 2 , and (3) can be simplified as follows:
where 1 is the diameter of proppant 1, mm. The value of is affected by two factors: the deformation and embedment of the proppants. When the elastic modulus of coal rock wall tends to infinity, the proppants will not be embedded, and the value of will only affected by the Geofluids 3 deformation of proppants. Then the proppant deformation obtained from (4) can simplified as
Combining (4) and (5), the embedment depth can be obtained:
According to Hooke's law, when the proppant interacts with the wall of coal rock, it will cause the compacted deformation. It is assumed that the effective thickness of coal seam is 2 , then the deformation Δ 2 in closure pressure can be expressed as
where 2 is the effective thickness of coal seam, mm; P is the closure pressure, MPa.
The deformation is caused by the embedment, so the thickness of coal rock without embedding is still initial value. Combining (4) ∼ (7), the following equations can be obtained:
Calculation of Fracture Width.
Assuming that, under the closure pressure, the number of proppant layers between two walls of coal rock fracture is , and the distance between the two proppant layers is equal, expressed in ℎ q :
That is,
Calculation Model of Fracture Permeability
The total number of proppants embedded in the seam is denoted by , and 1 is the number of proppants adjacent to the wall of fracture. denotes the number of internal channels in the seam, and the number of channels of coal walls.
represents the total number of proppant laying in the coal rock fracture, and 1 represents the number of proppant adjacent to the double wall of the seam. Then the total volume of embedded proppant and other parameters can be expressed by the following equations:
where is the layers for proppants in coal rock;
H and are respectively the height and length of coal rock fracture, m.
A is constant; when n=3m-2, A=2m-2; when n=3m-1, A=2m-1; and when n=3m, A=2m.
B is constant; when n=3m-2, B=0; when n=3m-1 or n=3m, B=1.
Combining the definition of width and porosity of fractures [39] , the depth of embedment ℎ and the porosity of fracture can be obtained:
1 and 2 are, respectively, the effective radii of the flow channel on the wall and of the internal flow channel of coal rock: The effective radius of flow channels and the tortuosity of coal rock fractures can be, respectively, expressed as
where is a constant with a value of 0.489. The permeability of coal rock with embedment is 
Calculation Model of Fracture Conductivity
Stress Analysis of Proppants under Different Arrangements.
In this paper, a model for calculating the fracture conductivity of coal rock under 3 kinds of arrangement modes (Model 4-1, Model 3-1, and Model 2-1) are established. The schematic diagram is shown in Figure 3 .
In the different arrangements of proppant, the five, four, and three proppants are, respectively, taken as the study object. The center line constitutes a cube. The upper and lower proppants deform under the closure pressure , while there is no closure pressure between the same layers. The simplified diagram under different arrangement is shown in Figure 4 .
Calculation of the Fracture Conductivity.
According to the space geometry theory, the equation for calculating the distance between two deformed proppants can obtained by Figure 4 (a):
As shown in Figure 5 , in Model 4-1, a stress unit consists of four proppants in the same layer. Assume that every proppant has the same diameter, that is, 1 = 2 =D/2.
The proppant is arranged closely, and the center line forms a square whose diameter is . The area of the square is
The external force and the closure pressure satisfy the following relationships:
where 0 is the overburden pressure, MPa;
i is the net pressure, MPa; D is the diameter of proppant, m.
By the definition of fracture diversion capacity, the fracture conductivity of coal rock KW is
With (8) ∼ (11) and (20) ∼ (23) substituted into the above formula, a model for calculating the fracture conductivity of coal rock considering the factors of proppant embedment and deformation in Model 4-1 is given. Similarly, the fracture conductivity of Model 3-1 and Model 2-1 can be obtained, respectively.
Model Application and Validation.
First, the theoretical model is used to calculate the theoretical value of the fracture conductivity of coal rock under the same conditions as the experimental parameters in the laboratory. The number of proppants layer can be obtained from the following equation:
where is the mass of proppants, g;
is the apparent density of proppant, g/cm 3 ;
S is the area of facture wall, cm 2 .
D is the diameter of proppant, cm.
The proppant in this paper is taken from Daqing oilfield, the density and concentration are, respectively, 1.692 g/cm 3 and 10 kg/m 2 , the total length of diversion chamber is 17.7 cm, and its end is semicircle with diameter 3.81 cm. The equivalent particle size of 20 ∼ 40 mesh is calculated to be 0.6106 × 10 −4 m by using geometric weighted average method, and the corresponding sand layer is calculated as 12 layers when the concentration is 10 kg/m 2 . Parameters such as elastic modulus and Poisson's ratio of coal and proppant are provided by Daqing oilfield, and the experimental parameters are shown in Table 1 .
After the test of coal rock fracture conductivity, the coal plate is shown in Figure 6 . It can be clearly seen that the coal plate and proppant did not rupture, indicating that the experiment can adequately reflect the variation of fracture conductivity.
The average value of fracture conductivity of each pressure test point in the same period is taken as the test result of the fracture conductivity of coal rock; the theoretical results of fracture conductivity of coal rock under different pressures and the comparison curves with experimental results are shown in Table 2 and Figure 7(a) . In order to ensure the feasibility of the theoretical model, the data of Meng [40] is also used to prove the accuracy of the theoretical model in this paper. It should be noted that Meng's data lack mechanical parameters of coal rock and proppants, so we assume that the mechanical parameters of coal rock and proppant are the same as those of this paper, and the comparison curves are shown Figure 7 (b).
The two groups of comparison curves of fracture conductivity between theoretical and experimental results in Figures 7(a) and 7(b) both show that the calculated results have the same trend as experimental data; thus the accuracy of the theoretical model is verified. With the increase of closure pressure, the pore volume of fractures decreases, leading to a significant decrease in the conductivity of coal rock. For Meng's experiments, the arrangement of proppants meets both Model 3-1 and Model 4-1. But it is obvious that Model 4-1 is more consistent with the experimental results, and if the next step of sensitivity analysis based on the experimental data of Meng, Model 4-1 should be considered. However, it can be seen from the comparison curves that, in the actual fracturing process in this paper, the arrangement of proppants in coal rock fractures meets Model 3-1. Therefore, Model 3-1 is chosen as the theoretical model in this paper, and the influence of various factors on fracture conductivity of coal rock under the condition of Model 3-1 is discussed.
Sensitivity Analysis
Through the previous model verification, the theoretical model of this paper is found to be more consistent with Model 3-1, so the sensitivity analysis of this paper has been based on Model 3-1, and the change of fracture conductivity with the various factors is also based on the Model 3-1.
Influence of Poisson's Ratio of Coal Rock.
The theoretical values of fracture conductivity of coal rock are calculated under the condition that Table 1 and other parameters are kept unchanged. The closure pressure is 20 MPa and the Poisson's ratio of coal rock ranges from 0.15 to 0.35, the results are shown in Table 3 , and the curve of fracture conductivity and Poisson's ratio of coal rock is shown in Figure 8 .
It can be seen from the diagram that the influence of coal rock Poisson's ratio on fracture conductivity is very small. With the increase of coal rock Poisson's ratio, the fracture conductivity increases slightly, but the increase rate is less than 1%. Therefore, in the field of construction error within the allowable range, the impact is negligible.
Influence of Elastic Modulus of Coal Rock.
In order to study the influence of elastic modulus of coal rock on fracture conductivity, the theoretical values of fracture conductivity of coal rock complex fracturing system under the condition that the other calculation parameters of Table 1 remain unchanged, the closure pressure is 20 MPa, and the coal rock elastic modulus changes in the range of 2 GPa ∼ 6 GPa are calculated, as shown in Table 4 .
The relationship between fracture conductivity and elastic modulus of coal rock is obtained, as shown in Figure 9 . It can be seen that, with the increase of the elastic modulus of coal rock, the fracture conductivity is gradually increasing, but the increase rate is gradually slowed down. When the coal rock elastic modulus is less than 3 GPa, the coal rock fracture conductivity increases greatly. When the coal rock elastic modulus is greater than 3 GPa, the coal rock fracture conductivity increased to a lesser extent. This is mainly due to the fact that the greater the elastic modulus of coal rock is, the shallower the proppant embedment depth is, the greater the fracture porosity is, and thus the higher the fracture conductivity is.
Influence of Elastic Modulus and Poisson's Ratio of Proppant.
Similarly, keeping the other calculated parameters in Table 1 unchanged, the theoretical values are, respectively, calculated at 20 MPa when proppant Poisson's ratio ranges from 0.1 to 0.3 and proppant elastic modulus ranges from 10 GPa to 35 GPa.
As can be seen from Figure 10 , Poisson's ratio of proppant has little influence on coal rock fracture conductivity, and the trend of Poisson's ratio of proppant has the same influence as that of coal rock on conductivity. With the increase of proppant Poisson's ratio, the fracture conductivity increases slightly, but the increase is less than 2%. As shown in Figure 11 , with the increase of proppant elastic modulus, fracture conductivity increased, but the rate of increase slowed down gradually. This is mainly due to the fact that the greater the elastic modulus of proppant is, the more difficult it is for proppant to deform, the larger the pore space between proppant is, and thus the higher the fracture conductivity is.
Influence of Proppant Size.
The theoretical values are calculated at 20 MPa when the other calculated parameters in Table 1 are unchanged and the proppant size changes from 0.3mm to 0.7mm.
It can be seen from Figure 12 that, with the increase of the particle size of proppant, the fracture conductivity is gradually increased and the variation range is increasing. When the proppant diameter is less than 0.5mm, the coal rock fracture conductivity increased to a lesser extent. When the proppant diameter is greater than 0.5mm, the conductivity increases greatly, which is mainly due to the fact that, with the increase of proppant size, the pore space between particles increases, and the fluid is easier to pass through. So that the fracture conductivity also increases. 5.5. Discussion. The accurate calculation of coal rock conductivity can provide important theoretical basis for CBM wells fracturing scheme design and production prediction after fracturing. Coal rock is soft and brittle with the characteristics of low modulus and high Poisson's ratio; coal powder is easy to fall off and plug fractures in the process of fracturing. And under the closure pressure, proppant deformation and embedment are prone to occur, which leads to significant changes in fracture width and porosity and changes in fracture conductivity. On the other hand, different arrangements of proppants have a significant effect on the fracture width and porosity under the closure pressure, thus affecting and changing the conductivity of fractures. This paper properly considered the special mechanical characteristics of coal rock and the influence of proppants arrangements and embedments. The paper studied the fracture conductivity of coal rock both from theoretical and experimental aspects. In the past, the research on coal rock fracture conductivity basically used the method of experimental evaluation, Gao [29] , Liu [41] , and Zhang [31] et al. analyzed the effects of closure pressure and proppants embedment on fracture conductivity experimentally. Wang [32] , Zhang [33] , and Shen [37] et al. mainly studied the influence of proppants concentration and proppants size on the fracture conductivity. In this paper, not only is the influence of fracture closure pressure and proppants embedment studied, but also the calculation model describing the conductivity of coal rock under different arrangements of proppants is established theoretically. The research work is more theoretical and innovative. According to the calculation results of the model, the main factors affecting the conductivity of coal rock fractures are the elastic modulus of coal and proppants and the particle size of proppant. Relative to the unchangeable mechanical parameters such as elastic modulus and Poisson's ratio of coal, the effective means to improve the fracture conductivity is to increase the elastic modulus and particle size of proppants. That is to say, if conditions permit, large size and high strength proppants should be used as much as possible so as to effectively increase fracture conductivity and obtain higher CBM well productivity. However, the increase of proppant size and strength may also adversely affect the proppant transport and migration in the fracturing fluid during fracturing, which also needs to be fully considered in fracturing design. In addition, the calculation model of coal rock fracture conductivity with different arrangements of proppants did not consider the effect of the pulverized coal and proppant breakage on the permeability and conductivity of fractures, which is still needs to be supplemented and improved. Through the follow-up study and solving this difficult problem, the model assumptions can be more in line with the actual situation, so that the research results have more practical application value.
Conclusions
(1) The study in laboratory shows that the proppant arrangement in coal rock fractures can be Model 3-1 or Model 4-1 when the proppant is packed tightly, but, in this paper, is more close to Model 3-1.
(2) The fracture conductivity of coal rock is less affected by Poisson's ratio of coal rock and proppant, but obviously affected by elastic modulus of coal rock and proppant. With the increase of elastic modulus, the fracture conductivity increases.
(3) Proppant size has the most significant influence on fracture conductivity of coal rock. With the increase of particle size, the fracture conductivity increases significantly.
Conflicts of Interest
The authors declare that there are no conflicts of interest regarding the publication of this article.
